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Abstract
The eigenvalues of a graph are the eigenvalues of its adjacency matrix. This paper presents
some upper and lower bounds on the greatest eigenvalue and a lower bound on the smallest
eigenvalue.
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1. Introduction
Let G= (V; E) be a simple graph with the vertex set {v1; v2; : : : ; vn}. For vi ∈V , the
degree of vi, the set of neighbors of vi and the average of the degrees of the vertices
adjacent to vi are denoted by di; NG(vi) and mi respectively. Let D(G) be the diagonal
matrix of vertex degrees of a graph G. Also let A(G) be the adjacency matrix of G
and A(G) = (aij) be de;ned as the n× n matrix (aij), where
aij =
{
1 if vivj ∈E;
0 otherwise:
It follows immediately that if G is a simple graph, then A(G) is a symmetric (0; 1)
matrix where all diagonal elements are zero. We shall denote the characteristic poly-
nomial of G by
P(G) = det(xI − A(G)) =
n∑
i=0
aixn−ii :
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Since A(G) is a real symmetric matrix, its eigenvalues must be real, and may be
ordered as
1(A(G))¿ 2(A(G))¿ · · ·¿ n(A(G)):
Denote i(A(G)) simply by i(G). The sequence of n eigenvalues is called the
spectrum of G.
2. Upper bound for spectral radius
The largest eigenvalue 1(G) is often called the spectral radius of G. We now give
some known upper bounds for the spectral radius 1(G).
Let G be a simple graph with n vertices and e edges.
(1) (Collatz and Sinogowitz [4]). If G is a connected graph of order n, then
1(G)6 1(Kn) = n− 1: (1)
The upper bounds occurs only when G is the complete graph Kn.
(2) (Collatz and Sinogowitz [4]). If G is a tree of order n, then
1(G)6 1(K1; n−1) =
√
n− 1: (2)
The upper bound occurs only when G is the star K1; n−1.
(3) (Hong [8]). If G is a connected unicyclic graph, then
1(G)6 1(S3n); (3)
where S3n denotes the graph obtained by joining any two vertices of degree one of the
star K1; n−1 by an edge. The upper bound occurs only when G is the graph S3n .
(4) (Brualdi and HoIman [3]). If e =
(
k
2
)
, then
1(G)6 k − 1; (4)
where the equality holds iI G is a disjoint union of the complete graph Kk and some
isolated vertices.
(5) (Stanley [17]).
1(G)6 (−1 +
√
1 + 8e)=2; (5)
where the equality occurs iI e=
(
k
2
)
and G is a disjoint union of the complete graph
Kk and some isolated vertices.
(6) (Hong [10]). If G is a connected graph, then
1(G)6
√
2e − n+ 1; (6)
where the equality holds iI G is one of the following graphs:
(a) the star K1; n−1;
(b) the complete graph Kn.
K.Ch. Das, P. Kumar /Discrete Mathematics 281 (2004) 149–161 151
(7) (Hong et al. [12]). Let G be a connected graph with n vertices and e edges. Let
dn be the minimum degree of vertices of G. Then
1(G)6
dn − 1 +
√
(dn + 1)2 + 4(2e − dnn)
2
; (7)
where the equality holds iI G is either a regular graph or a bidegreed graph in which
each vertex is of degree either dn or n− 1.
(8) (Berman and Zhang [1]). If G is a connected graph, then
1(G)6max{
√
didj : 16 i; j6 n; vivj ∈E}; (8)
with equality holds iI G is a regular or bipartite semiregular graph.
(9) (Favaron et al. [6]). (i) For any graph without isolated vertices,
1(G)6max{mi: vi ∈V}: (9)
(ii) For any graph,
1(G)6max{dimi: vi ∈V}: (10)
The upper bounds from (1)–(4) apply to some particular graphs. Hong [11] has
pointed out that the upper bound in (6) is an improvement on the upper bound in (5)
while the upper bound (4) is a special case of the upper bound (5). Now we will give
some upper bounds for simple connected graphs.
It is a result of Perron–Frobenius in matrix theory (see [7, p. 66]) which states that
a non-negative matrix B always has a non-negative eigenvalue r such that the moduli
of all the eigenvalues of B do not exceed r. To this ‘maximal’ eigenvalue r there
corresponds a non-negative eigenvector
BY = rY (Y¿ 0; Y = 0):
Lemma 2.1 (Horn and Johnson [13]). Let M = (mij) be an n × n irreducible non-
negative matrix with spectral radius 1(M), and let Ri(M) be the ith row sum of M ,
i.e., Ri(M) =
∑n
j=1 mij. Then
min{Ri(M): 16 i6 n}6 1(M)6min{Ri(M): 16 i6 n}: (11)
Moreover, if the row sums of M are not all equal, then the both inequalities in (11)
are strict.
Lemma 2.2. Let G be a bipartite graph with bipartition V = U ∪W . Then 1(G) =√
m1m2 if each vertex u of U has same average degree (average degree of the vertices
adjacent to u) m1 and each vertex w of W has same average degree (average degree
of the vertices adjacent to w) m2.
Proof. Let 1(G) be the largest eigenvalue of A(G). Therefore, 1(G) is also the
largest eigenvalue of M =K−1(D−1A(G)D)K , where D is the diagonal matrix with the
degrees of the vertices as the diagonal entries and K is the diagonal matrix with the
square root of average degree of the vertices as the diagonal entries.
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Now the (i; j)th element of M is

√
m2
m1
dj
di
if vivj ∈E; vi ∈U;√
m1
m2
dj
di
if vivj ∈E; vi ∈W;
0 otherwise:
Using Lemma 2.1 on M , we get 1(G) =
√
m1m2.
Theorem 2.3. If G is a simple connected graph and 1(G) is the spectral radius, then
1(G)6max{√mimj : 16 i; j6 n; vivj ∈E}; (12)
where mi is the average degree of the vertices adjacent to vi ∈V . Moreover, the
equality in (12) holds if and only if G is either a graph with all the vertices of equal
average degree or a bipartite graph with vertices of same set having equal average
degree.
Proof. Let X= (x1; x2; : : : ; xn)T be an eigenvector of D(G)−1A(G)D(G) corresponding
to an eigenvalue 1(G). Also let one eigencomponent (say xi) be equal to 1 and the
other eigencomponents be less than or equal to 1, that is, xi = 1 and 0¡xk6 1; ∀k.
Let xj =maxk{xk : vivk ∈E}.
Now the (i; j)th element of D(G)−1A(G)D(G) is

dj
di
if vivj ∈E;
0 otherwise:
We have
{D(G)−1A(G)D(G)}X = 1(G)X: (13)
From the ith equation of (13),
1(G)xi =
∑
k
{dkxk=di: vivk ∈E}; i:e:; 1(G)6mixj: (14)
From the jth equation of (13),
1(G)xj =
∑
k
{dkxk=dj: vjvk ∈E}; i:e:; 1(G)xj6mj: (15)
From (14) and (15), we get
{1(G)}26mi1(G)xj6mimj:
Therefore, 1(G)6
√mimj; 16 i; j6 n; vivj ∈E.
Hence, 1(G)6max{√mimj : 16 i; j6 n; vivj ∈E}.
Now suppose that equality in (12) holds. Then all inequalities in the above argument
must be equalities. In particular, we have from (14) that xk = xj ∀k such that vivk ∈E.
Also from (15) that xk = 1∀k such that vjvk ∈E.
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Case 1: xj=1. Let V1 ={vk ; xk =1}. If V1 = V (G), there exist vertices vr; vp ∈V1;
vq ∈ V1 such that vrvp ∈E and vpvq ∈E since G is connected. Therefore, from 1(G)xr=∑
j{djxj=dr: vrvj ∈E}6mr and 1(G)xp =
∑
j{djxj=dp: vpvj ∈E}¡mp, we have
1(G)¡
√mrmp, which contradicts that the equality holds in (12). Thus V1 = V (G)
and G is a graph with all the vertices of equal average degree.
Case 2: xj ¡ 1. Then xk = 1 for vk ∈NG(vj) and xk = xj for vk ∈NG(vi). Let U =
{vk ; xk =1} and W = {vk ; xk = xj}. So NG(vj) ⊆ U and NG(vi) ⊆ W . Further, for any
vertex vr ∈NG(NG(vi)) there exists a vertex vp ∈NG(vi) such that vivp ∈E; vrvp ∈E.
Therefore, xp = xj and 1(G)xp =
∑
k{dkxk=dp: vpvk ∈E}6mp. Using (14), we get
21(G)6mimp. We have 
2
1(G)¿mimp, therefore 
2
1(G) = mimp, which shows that
xr=1. Hence NG(NG(vi)) ⊆ U . By a similar argument, we can show that NG(NG(vj) ⊆
W . Continuing the procedure, it is easy to see, since G is connected, that V =U ∪W
and that the subgraphs induced by U and W , respectively are empty graphs. Hence
G is bipartite. Moreover, the average degree of vertices in U are the same and the
average degree of vertices in W are also the same.
Conversely, if G is a graph with all the vertices of equal average degree then the
equality is satis;ed. Let G be a bipartite graph with bipartition V = U ∪W and any
two vertex of same set (U or W ) have same average degree. Using Lemma 2.2 we
can show that equality holds in (12).
Remark 2.4. (i) Eq. (12) is always better than (9). Let t =max{mi: 16 i6 n}, then
we get mi6 t; vi ∈V . Using this we can easily get
max{√mimj : 16 i; j6 n; vivj ∈E}6max{mi: 16 i6 n}:
(ii) Eq. (10) is always better than (8). For this, let t = max{√didj : 16 i6 n;
vivj ∈E}. This implies dj6 t2=di; vivj ∈E. Using this fact we get
max{
√
dimi : 16 i6 n}6 t =max{
√
didj : 16 i6 n; vivj ∈E}:
(iii) Now we show that Eq. (10) improves Eq. (6). Let (10) gives the maximum at
the ith vertex we wish to prove that
dimi6 2e − n+ 1,
i.e.,
∑
j{dj: vivj ∈E}6
∑n
i=1 di − (n− 1),
i.e.,
∑
j{dj: vivj ∈ E} − (n− 1)¿ 0.
For connected graph it is always true. Hence (10) is better than (6).
For the path graphs, the value given by (6) increases with the number of nodes but
the value obtained from (10) remains constant.
Example 2.5. Values of 1 and of the various mentioned bounds for the graphs shown
in Fig. 1 give (up to three decimal places) the following results:
1 (6) (7) (10) (12)
G1 2.903 3.742 3.372 3 3
G2 4.409 5.099 5.099 4.69 4.623
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Fig. 1.
Fig. 2.
Here we see that (12) is better than (6), (7), and (10) but it is not always true. For
instance, for the following graph G3 (see Fig. 2), the use of (12) give 1(G3)6 4:416,
while the use of (6), (7), and (10) gives 1(G3)6 4:359; 1(G3)6 4, and 1(G3)6
4:243, respectively.
Now we give another bound which is always better than Hong (6) formula but not
always better than (7), (10), and (12).
Lemma 2.6 (Papendieck and Recht [15]). If q1; q2; : : : ; qn are positive numbers, then
min
i
pi
qi
6
p1 + p2 + · · ·+ pn
q1 + q2 + · · ·+ qn 6maxi
pi
qi
for any real numbers p1; p2; : : : ; pn. Equality holds on either side if and only if all
the ratios pi=qi are equal.
Theorem 2.7. Let G be a simple connected graph with n vertices and e edges. Also
let d1 and dn be the maximum degree and the minimum degree of vertices of G,
respectively. If 1(G) is the spectral radius of A(G), then
1(G)6
√
2e − (n− 1)dn + (dn − 1)d1: (16)
Moreover, the equality in (16) holds if and only if G is a regular graph or a star
graph.
Proof. Let Ai denote the ith row of A(G) and di the ith row sum of A(G). Let X =
(x1; x2; : : : ; xn)T be a unit length eigenvector of A(G) corresponding to the eigenvalue
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1(G). For i=1; 2; : : : ; n, let X (i) denote the vector obtained from X by replacing those
components xj by 0 such that aij = 0. Since A(G)X = 1(G)X, we have
AiX (i) = AiX = 1(G)xi.
By the Cauchy–Schwartz inequality, for i = 1; 2; : : : ; n, we have
21(G)x
2
i = |AiX (i)|26 |Ai|2|X (i)|2 = di
∑
j
{x2j : vivj ∈E}:
Summing the above inequalities we obtain
21(G)6
n∑
i=1
di
∑
j
{x2j : vivj ∈E}
=
n∑
i=1
x2i
∑
j
{dj: vivj ∈E}
=
n∑
i=1
dimix2i
6
n∑
i=1
[2e − di − (n− 1− di)dn]x2i (17)
= 2e − (n− 1)dn + (dn − 1)
n∑
i=1
dix2i
(
using
n∑
i=1
x2i = 1
)
6 2e − (n− 1)dn + (dn − 1)d1: (18)
Now suppose that equality in (16) holds. Then all inequalities in the above argument
must be equalities. In particular, from (17) we have that
dimi = 2e − di − (n− 1− di)dn;
for all vi ∈V . Therefore, either di = n − 1 or dj = dn, for all vi ∈V; vivj ∈ E, which
implies that either (a) G is a regular graph or (b) G is a bi-degreed graph in which
each vertex is of degree either dn or n− 1.
If dn¿ 1 then from (18), we get
n∑
i=1
dix2i = d1: (19)
It follows from (19) and using Lemma 2.6, d1 = d2 = · · · = dn. Therefore, G is a
regular graph if dn¿ 1.
Hence G is a regular graph or a star graph.
Conversely, if G is a regular graph or a star graph the equality is satis;ed.
Corollary 2.8. Let G be a simple connected graph with n vertices and e edges. Then
1(G)6
√
2e − n+ 1:
Equality holds if and only if G is the star K1; n−1 or the complete graph Kn.
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Proof. The result follows by dn¿ 1 and Theorem 2.7.
3. Lower bound for spectral radius
We now give some known lower bounds for the spectral radius 1(G).
(1) (Collatz and Sinogowitz [4]). If G is a connected graph of order n, then
1(G)¿ 1(Pn) = 2 cos('=(n+ 1)): (20)
The lower bound occurs only when G is the path Pn.
(2) (Hong [8]). If G is a connected unicyclic graph, then
1(G)¿ 1(Cn) = 2; (21)
where Cn denotes the cycle on n vertices. The lower bound occurs only when G is the
cycle Cn.
(3) (Favaron et al. [6]) For any simple graph,
1(G)¿
√
d1: (22)
Now we ;nd the lower bound of the largest eigenvalue of a graph G, we need the
following Theorem 3.1.
Theorem 3.1. Let G ≡ (V; E) be a graph with vertex subset V ′={v1; v2; : : : ; vk} having
same set of neighbors {vk+1; vk+2; : : : ; vs}, where V = {v1; : : : ; vk ; : : : ; vs; : : : ; vn}. Then
this graph G has at least (k − 1) equal eigenvalues 0. Also the corresponding (k − 1)
eigenvectors are
(1;−1︸ ︷︷ ︸
2
; 0; : : : ; 0)T; (1; 0;−1︸ ︷︷ ︸
3
; 0; : : : ; 0)T; : : : ; and (1; 0; : : : ;−1︸ ︷︷ ︸
k
; 0; : : : ; 0)T:
Proof. Let X= (x1; x2; : : : ; xn)T be an eigenvector corresponding to an eigenvalue  of
A(G). Therefore, xi =
∑
j{xj: vivj ∈E}; i = 1; 2; : : : ; n.
We can easily see that the eigenvalue 0 with corresponding eigenvectors
(1;−1︸ ︷︷ ︸
2
; 0; : : : ; 0)T; (1; 0;−1︸ ︷︷ ︸
3
; 0; : : : ; 0)T; : : : ; and (1; 0; : : : ;−1︸ ︷︷ ︸
k
; 0; : : : ; 0)T
satisfy the above relation. Since these (k − 1) eigenvectors are linearly independent,
therefore 0 is an eigenvalue of A(G) of multiplicity at least (k − 1) with the above
mentioned (k − 1) eigenvectors.
Now we de;ne graphs H1; H2; H3 and H4 in Fig. 3. For each graph, the highest
degree vertex v1 has degree d1 and is connected to a vertex vj of degree dj which is
the maximum degree of the neighboring vertices of v1. Let c1j be the cardinality of
common neighbor between v1 and vj. Therefore, the number of pendant vertices that
connect to v1 and vj are (d1− c1j−1) and (dj− c1j−1), respectively and the common
neighbor vertices of v1 and vj are all degree 2.
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Fig. 3.
Theorem 3.2. Let G be a simple graph with at least one edge and d1 be the highest
degree of G. Then
1(G)¿
√√√√ (d1+dj−1)+√(d1+dj−1)2−4(d1−1)(dj−1)+4c21j+8c1j√d1
2
;
(23)
where dj = max{dk : v1vk ∈E} and c1j is the cardinality of the common neighbor
between v1 and vj.
Proof. It is well known that the index of a graph is monotone, in the sense that if H
is a subgraph of G, then 1(H)6 1(G).
Now we are to ;nd out the eigenvalues of H1. Since (d1−c1j−1); (dj−c1j−1) and
c1j number of vertices of H1 separately have same set of neighbors, therefore using
Theorem 3.1, (d1 + dj − c1j − 5) number of eigenvalues are 0.
Let (H1) be a non-zero eigenvalue of H1. Also let x2 and x4 be the eigencomponents
corresponding to vertices v1 and vj of an eigenvalue (H1). Since (H1) = 0, therefore
all the eigencomponents corresponding to pendant vertices connected to v1 are equal,
say x1. Similarly, all the eigencomponents corresponding to the common neighbor
vertices of v1 and vj are equal, say x3. Also, the eigencomponents corresponding to
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pendant vertices connected to vj are equal, say x5. Therefore, the non-zero eigenvalues
of H1 satis;es the following system of equations:
(H1)x1 = x2;
(H1)x2 = (d1 − c1j − 1)x1 + c1jx3 + x4;
(H1)x3 = x2 + x4;
(H1)x4 = (dj − c1j − 1)x5 + c1jx3 + x2;
(H1)x5 = x4:
Eliminating x1; x2; x3; x4; x5 from above system of equations, the non-zero eigen-
values of H1 are obtained from the following equation:
4(H1)− (d1 + dj − 1)2(H1) + (d1 − 1)(dj − 1)− c21j − 2c1j(H1) = 0:
From the well-known property that the sum of the eigenvalues of the adjacency
matrix is 0. Since 1(H1) is the spectral radius and there is at least one edge in G,
therefore
41(H1)− (d1 + dj − 1)21(H1) + (d1 − 1)(dj − 1)− c21j − 2c1j
√
d1¿ 0; (24)
(since 1(H1)¿
√
d1).
Therefore,
1(H1)¿
√√√√ (d1+dj−1)+√(d1+dj−1)2−4(d1−1)(dj−1)+4c21j+8c1j√d1
2
:
We can easily show that the spectral radius of H2; H3 or H4 are also satis;es (24).
Let G be a graph with highest degree vertex v1 of degree d1 and connected to a
vertex vj of degree dj, which is maximum degree of the neighboring vertices of v1.
Then G is a super graph of any one of the graphs H1; H2; H3 or H4 except path graph
P2 and star graph.
If G is a path graph P2 or a star graph, then equality holds in (23). Therefore,
1(G)¿
√√√√ (d1+dj−1)+√(d1+dj−1)2−4(d1−1)(dj−1)+4c21j+8c1j√d1
2
:
Lemma 3.3 (Marcus and Minc [14]). Let G be a graph and vj be any vertex of G.
Then
i(G)¿ i(G − vj)¿ i+1(G); i = 1; 2; : : : ; (n− 1):
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Theorem 3.4. Let T be a tree with n¿ 2 and 2(T ) be the second highest eigenvalue
of T . Then
2(T )¿
√
(d1 + dj − 1)−
√
(d1 + dj − 1)2 − 4(d1 − 1)(dj − 1)
2
; (25)
where dj =max{dk : v1vk ∈E} and v1 is the highest degree vertex of degree d1.
Proof. Let us consider the tree H3 in Fig. 3. Let 2(H3) be the second largest eigen-
value of H3. The non-zero eigenvalues of H3 can be obtained from the following
equation:
4(H3)− (d1 + dj − 1)2(H3) + (d1 − 1)(dj − 1) = 0: (26)
Therefore,
2(H3) =
√
(d1 + dj − 1)−
√
(d1 + dj − 1)2 − 4(d1 − 1)(dj − 1)
2
:
If tree T is a star graph with n¿ 3, then equality holds in (25). Otherwise T will
be a super tree of H3. Using Lemma 3.3, we get
2(T )¿
√
(d1 + dj − 1)−
√
(d1 + dj − 1)2 − 4(d1 − 1)(dj − 1)
2
:
Theorem 3.5. Let T be a tree with n¿ 2 and 1(T ) be the spectral radius of T . Then
1(T )6
√
n− 1− (d1 + dj − 1)−
√
(d1 + dj − 1)2 − 4(d1 − 1)(dj − 1)
2
; (27)
where dj =max{dk : v1vk ∈E} and v1 is the highest degree vertex of degree d1.
Proof. The spectrum of T is symmetric, since trees are bipartite. Hence it follows with
an adjacency matrix A of T that
2(n− 1) = tr(A2) =
n∑
i=1
2i ¿ 2
2
1(T ) + 2
2
2(T ):
Hence
1(T )6
√
n− 1− 22(T )
6
√
n− 1− (d1 + dj − 1)−
√
(d1 + dj − 1)2 − 4(d1 − 1)(dj − 1)
2
(by Theorem 3:4):
Remark 3.6. The upper bounds given by (1), (2), (6), (7) and (16) are same for the
case of trees and is equal to
√
n− 1. But for n¿ 3, the upper bound obtained by (27)
is strictly less than
√
n− 1, except for star graphs.
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4. Lower bound for smallest eigenvalue
(1) (Brigham and Dutton [2]).
n(G)¿−
√
2e(n− 1)=n: (28)
(2) (Constantine [5], Hong [9], Powers [16]). Let G be a simple graph with n vertices.
Then
n(G)¿−
√
(n=2)[(n+ 1)=2]; (29)
where [x] denotes the largest integer not greater than x. The inequality holds iI G
is the complete bipartite graph K[n=2][(n+1)=2].
Due to Perron–Frobenius it is known that the magnitude of every eigenvalue is less
than or equal to the spectral radius of an adjacency matrix A(G). By this theorem we
can obtain a lower bound for the lowest eigenvalue.
Theorem 4.1. Let G be a simple connected graph with n vertices and e edges. Then
n(G)¿−
√
2e − (n− 1)dn + (dn − 1)d1; (30)
where d1 and dn are the highest and the lowest degree of G.
Remark 4.2. (i) Eq. (30) is always better than (28). For this we are to show that
2e=n6 (n − 1)dn − (dn − 1)d1, i.e., 2e6 n(n − 1) + n(dn − 1)(n − 1 − d1), which is
always true for connected graphs.
(ii) Eq. (30) is always better than (29) for trees. For trees the bound (30) is
−√n− 1. We are to prove that n − 16 n=2[ n+12 ]. We can easily show that it is true
for all n.
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